This study dealt with domain decomposition in the recently proposed generalized di!erential quadrature rule. In detail, the authors concentrated on the free vibration of multispan and stepped Euler beams, and beams carrying an intermediate or end concentrated mass. Since compatibility conditions should be implemented in a strong form at the junction of the subdomains concerned, the FEM techniques used for internal moments and shear forces must not be used. Compatibility conditions and their di!erential quadrature expressions were explicitly formulated. A peculiar phenomenon was found in di!erential quadrature applications that equal}length subdomains gave more accurate results than unequal}length ones using the same number of subdomain grids. Various examples were presented and very accurate results have been obtained.
INTRODUCTION
The di!erential quadrature method (DQM) was "rst advanced by Bellman and his associates in the early 1970s [1, 2] aiming towards o!ering an e$cient numerical method for solving non-linear partial di!erential equations. The method has since been applied successfully to various problems. When applied to problems with globally smooth solutions, the DQM can yield highly accurate approximations with relatively few grid points. This has made the DQM a favorable choice in comparison to standard "nite di!erence and "nite element methods. In recent years, the DQM has become increasingly popular in solving di!erential equations and is gradually emerging as a distinct numerical solution technique. An updating of the state of the art on the DQM and a comprehensive survey of its applications are available from two recent review papers [3, 4] . Bellomo [3] focused his attention on the conventional DQM, which dealt with di!erential equations of no more than second order. Bert and Malik [4] have cited seven examples to explain its applications, six of which still belong to the conventional DQM. Only the third of the seven examples dealt with the high order di!erential equation of Euler beam, whose governing equation is a fourth order one with double boundary conditions at each boundary. The main di$culty for such high order problems as Euler beams is that there are multiple boundary conditions but only one variable (function value) at each boundary. To apply the double conditions, a -point approximation approach of the sampling points was "rst proposed by Jang et al. in 1989 [5] and discussed thoroughly by Bert and Malik [4] . The crux of the -point technique is that an inner point near the boundary point is approximately regarded as a boundary point. The introduction of the -point technique to multiple boundary condition problems indicated a major development in the application of the DQM to high order di!erential equations in solid mechanics. However, this breakthrough was also accompanied by a major disadvantage, an arbitrary choice of the -value. Shu and Chen [6] made a new endeavor to improve the distribution of the sampling points still using the -point technique.
A detailed literature review is unnecessary due to the recent appearance of the two review papers [3, 4] . In order to develop a better alternative to the -point technique in solving fourth order di!erential equations for beam and plate problems, a new method was proposed in references [7}10] , where the boundary points' rotation angles of beam and plate structures were employed as independent variables. Therefore, the shortcomings corresponding to the -point technique have been overcome successfully. Wang and Gu [7] also mentioned a generalization of their method to sixth and eighth order equations, and Bellomo [3] also tried to generalize the conventional DQM to more than third order equations. However, they [3, 7] did not give the details of the implementation, and no paper related to the just-mentioned generalizations has appeared until the present time to the authors' knowledge.
The generalization of the DQM to any high order di!erential equations is apparently an urgent need in the present DQM research. The generalized di!erential quadrature rule (GDQR) has been proposed recently by the present authors [11}17] and detailed formulations have been presented to implement any high order di!erential equations. The GDQR has been applied for the "rst time to sixth and eighth order problems [18}20] and to third order problems [20] without using the -point technique. Moreover, the GDQR has been extended to high order initial value di!erential equations of second to fourth orders [12}14], while no one has mentioned this generalization.
In this paper the GDQR was still applied to the Euler beam problem. It is seemingly unnecessary for this kind of simple problem to be dealt with again, since it has been solved in many papers either using the -point technique [4, 21] or not [7, 8, 12] . A scrutiny has been made only to "nd that a beam with intermediate supports has not been coped with in references [7, 8, 12] . Du et al. [21] studied Euler beam with an internal pinned support, where Table 2 showed that the critical loads converged to only two or three signi"cant "gures even using as many as 23 sampling points. A similar problem, a circular annular plate with an intermediate circular support, was studied in reference [22] . The fundamental frequencies obtained using the DQM di!ered by about 10% from exact values, and the DQM did not provide satisfactory accuracy for some cases. It is apparent that an error must have occurred in these simple problems. Domain decomposition should have been employed at the intermediate supports but failed to be applied in references [21, 22] , because a shear force discontinuity exists there and the continuously di!erentiable trial functions are employed in the DQM. Domain decomposition has been used and very accurate results have been obtained by the present authors [15] . The above analysis indicates that the study in this paper is necessary for a correct and thorough understanding of the DQ techniques. Moreover, the solution accuracy produced by the method itself can be substantiated quantitatively, since many examples have analytic solutions and the disturbance caused by -point values is exempted.
In this paper, the authors concentrated on the free vibration of multispan and stepped Euler beams, and beams carrying an intermediate or end concentrated mass. Since most functions do not have globally smooth solutions, domain decomposition must be employed at the junction of the subdomains concerned. Compatibility conditions and their di!erential quadrature expressions were explicitly formulated. The length of subdomains was studied in detail. Ample examples were employed to display the application of the domain decomposition in the DQ technique. 
APPLICATIONS
The free vibration of Euler beams is governed by fourth order di!erential equations. The fourth order di!erential equations for various problems have been solved using the GDQR in papers [12, 15}17] , and the GDQR expression for a fourth order boundary value di!erential equation has been used as follows:
where
, is employed for the convenience of the notation. w H is the function of value at point x H , w and w , are the "rst order derivatives of the displacement function, i.e.; rotation angles, at the "rst and Nth points. E P GH are the rth order weighting coe$cients at point x G . The GDQR explicit weighting coe$cients have been derived in references [12, 17] and were used directly in this paper.
The cosine}type sampling points in normalized interval [0, 1] will be employed in this work. Their advantage has been discussed in paper [4] x
EXAMPLE 1: STEPPED BEAMS
Consider the free vibration of a straight Euler beam having stepped cross-section only at one place, as shown in Figure 1 . These two sections have uniform cross-sections individually. They have di!erent #exural rigidity (EI and EI ) and di!erent cross-section area (A and A ). Here the GDQR's solutions are compared with those analytical solutions in paper [23] , which considered a stepped beam with circular-section and with VIBRATION ANALYSIS OF BEAMS ¸"¸"¸/2 and "I /I . Then the "rst and second section's governing di!erential equations are written, respectively, as follows:
where is the density, the circular frequency, and¸the total length of the beam. Through normalization manipulation, equations (3) and (4) are written, respectively, as
where " ( A ¸ /EI is dimensionless frequency parameter, and normalized local co-ordinate.
Usually, the same number N of sampling points of subdomains is used. These two sections thus have a total of 2N!1 points, as shown in Figure 1 . The two sections shared the common point x , , along with its two corresponding variables w , and w , . The independent variables of the "rst section +; , and the second section +; , in the global co-ordinate are expressed as follows:
The whole beam has a total of 2N#2 independent variables as expressed in equation (7) . According to equation (1) , the GDQR analogues for governing equations (5) and (6) at each section's inner points x G can be written, respectively, as follows:
Equations (8) and (9) have a total number of 2;(N!2) equations. The compatibility conditions at the common points x , are that: (1) the bending moment calculated by section 1 equals the bending moment computed by section 2, (2) the shear force calculated by section 1 equals the shear force computed by section 2. They are expressed, respectively, as follows:
The two compatibility conditions' GDQR analogues are written, respectively, as
For simplicity and convenience, the boundary conditions of pinned, clamped, free, and sliding types are denoted as P, C, F and S respectively. The P}C boundary condition will identify the beam with the ends x"0 and¸having pinned and clamped boundary conditions respectively. Four types of boundary conditions (pinned, clamped, free and sliding) are considered, respectively, as follows:
The GDQR analogues for equation (12) are written at x"0 and¸, respectively,
For clamped ends at x"0 and¸, one has from equation (13), respectively,
for free ends at x"0 and¸and from equation (14),
and for sliding ends at x"0 and¸and from equation (15),
There are two boundary conditions at each end, and totally four boundary conditions, which have four GDQR analogues from a proper combination of equations (16) Together with two equations from compatibility condition equation (11) and 2;(N!2) equations from governing equations (8) and (9), a total number of 2N#2 equations is formed. The total number of independent variables expressed in equation (7) is also 2N#2. The resulting di!erential quadrature equations can be solved to get the required frequencies. The procedures in the solution of formed algebraic eigenvalue equations are detailed in references [4, 12, 15] and omitted here for brevity. These four types of boundary conditions will form 10 combinations of beam boundary conditions. The present work calculated all the 10 cases with di!erent values and listed the results in Table 1 . Using eight sampling points for each subdomain, the GDQR fundamental frequencies for all the 10 cases are exactly the same as the exact analytical solutions in reference [23] and are accurate to "ve signi"cant "gures. Since only fundamental frequencies were given in reference [23] , the second frequencies are calculated purposely for a comparison with other methods. Twelve points are needed for the second frequencies to be accurate to "ve signi"cant "gures.
EXAMPLE 2: UNIFORM MULTISPAN BEAMS
Consider the equi-spaced uniform multispan beams with each span length l, total lengtḩ , #exural rigidity EI and cross-section A. Other prerequisites are the same as those in example 1. The multispan beam with pinned intermediate supports would have a concentrated shear force at the inner supports, which also constitute another kind of discontinuity. Therefore, domain decomposition must be employed there. What compatibility conditions does one have at this discontinuous place? The rotation angle and the concentrated force are unknown and thus cannot form a compatibility condition. The zero displacement is certainly the simplest compatibility condition. The second compatibility condition is that the bending moment calculated by the left section equals the bending moment computed by the right section. Here a double-span uniform beam's compatibility conditions and corresponding GDQR analogues are given as an example:
More span beam's identical compatibility conditions at other junctions can be obtained in a similar way and omitted here for simplicity. The GDQR analogues of 10 combinations of boundary conditions have already been listed in equations (16)}(19) for double-span beams. Similar expressions can be easily obtained for more span beams. The governing equation of the (m#1)th span and its GDQR analogues can be written, respectively, as follows:
where " ( Al/EI is a dimensionless frequency parameter. Q"mN!m#1 is the numbering of the "rst sampling point of the (m#1)th span, and P"m(N#2)!2m#1 is the numbering of the last variable of the mth span at inner points. Again all the 10 combinations of boundary conditions are calculated and compared with results in reference [24] , which listed the "rst six frequencies for 1}15 spans. The "nite element method was used to obtain the frequencies in reference [24] . The present GDQR's "rst}sixth frequencies are all accurate to more than three signi"cant "gures. Here, only F}F case is listed in Table 2 for a comparison. The other cases are also calculated but omitted for simplicity. For a comparison with other methods, the seventh frequencies are also calculated on purpose.
EXAMPLE 3: UNIFORM BEAMS WITH END MASS
Reference [25] calculated the free vibration of an S}C single}span beam carrying a concentrated mass M at the sliding end. More accurate results than those in reference [25] are presented here. Since the mass is at the end and the beam is of uniform single span, domain decomposition is unnecessary here. This example is designed to show how to implement the boundary condition with the frequency in it. The two boundary conditions at sliding end are zero rotation angle and the following equation [25] :
The clamped boundary condition is identical to the above-mentioned one. The GDQR analogue of governing equation is identical to equation (8) with¸"¸. If the normal mode is assumed as =(x, t)"w(x)e SR, substituting into equation (24) produces
Its GDQR analogue can be written as
where " ( A¸/EI is dimensionless frequency parameter. This boundary condition contains the eigenvalue of the problem. Usually, the two displacements and two rotation angles at two ends can be eliminated in the "nal standard eigenvalue equation of order N!2, as shown in papers [4, 12] . But now one boundary displacement w is connected with the frequency. Then the "nal standard eigenvalue equation is of order N!1. Even if all the boundary independent variables are connected with the frequency, with the "nal standard eigenvalue equation being of order N#2, no algorithmic di$culty is caused in the GDQR. The analytic frequency characteristic equation was [25] M A¸" sin cosh #cos sinh (1!cos cosh ) .
Similarly, if the beam is an F}C single-span beam carrying a concentrated mass at the free end, only the boundary condition at x"0 is changed from zero rotation angle to zero moment with all the other equations identical to those for the S}C case. Table 3 showed the GDQR results. The characteristic equation for the F}C case was [26] M A¸" 1#cos cosh (sin cosh !cos sinh ) .
EXAMPLE 4: STEPPED BEAMS WITH END MASS
For the above-mentioned S}C single-span beam carrying a concentrated mass at the sliding end, reference [27] has considered non-uniform cross-section with discontinuity at x"¸/3,¸/2 and 2¸/3, as shown in Figure 2 . Each section has the same width of a rectangular cross-section, and their height ratio "t /t "0)8. The GDQR results for x"¸/2 case are obtained with two sections. The GDQR results for x"¸/3 and 2¸/3 cases are obtained with three equal-length sections. All the necessary boundary conditions, compatibility conditions and governing equation have been given before and omitted here for brevity. Table 4 showed good agreements between the GDQRs and FEMs results.
EXAMPLE 5: UNIFORM BEAMS WITH INTERMEDIATE MASS
References [28, 29] considered the concentrated mass at an intermediate point (x"¸/3 or¸/2) of single-span uniform beam. The mass will apply a dynamic concentrated force in vibration problems. Domain decomposition must also be employed, though the beam is uniform single span. For the case x"¸/2, two equal-length sections are used. The compatibility conditions are as follows:
where the su$x expresses the section number. The two compatibility conditions' GDQR expressions are written as
where " ( A¸/EI is dimensionless frequency parameter. The GDQR analogues of governing equations are identical to equations (8) and (9) with "1 (due to uniform cross-section). Only P}P and C}C beams are considered here. For the case x"¸/3, both three equal-length and two di!erent-length sections are used. The results are listed in Table 5 (a)}(c). The FEM was used in paper [24] . The Laplace transform was employed to obtain a characteristic equation in paper [28] . An analytic characteristic equation was obtained in paper [29] .
VIBRATION ANALYSIS OF BEAMS TABLE 4
Frequency parameter " ( A ¸/EI of S}C stepped (x"¸/3,¸/2, 2¸/3) and uniform (x"0) beams with end mass Note: Data in &&( )'' from reference [28] , in &&+ ,'' from reference [24] . Note: Data in &&( )'' from reference [28] , in &&+ ,'' from reference [29] . Domain decomposition must be employed in the DQ technique if the solution function is not continuously di!erentiable in the solution domain, since the weighting coe$cients are obtained using continuously di!erentiable trial functions. Within a subdomain, the solution function should be continuously di!erentiable. At the junction of the subdomains concerned, compatibility conditions must be implemented in a strong form. Naturally, the governing equations are written individually for the sections with di!erent #exural rigidity as done in equations (3) and (4), and domain decomposition is applied accordingly. However, domain decomposition should still be employed for multispan beams with uniform cross-sections, since a discontinuity exists there too. Similarly, domain decomposition must be applied to example 5, which is more deceptive since it is a uniform single-span beam. It is clear that every subdomain end has two compatibility conditions corresponding to two independent variables. Four conditions are indispensable to the fourth order governing equations.
In all the examples in this work, eight sampling points for each subdomain produce the fundamental frequencies accurate to about "ve signi"cant "gures. More than 15 discrete points for each subdomain will bring about the "rst}sixth frequencies accurate to about seven signi"cant "gures. For more than "ve span beams, eight sampling points for each subdomain are usually used.
When the domain decomposition point in examples 4 and 5 is not at the center of the beam (i.e., x"¸/3 and 2¸/3), three equal-length sections had to be used to obtain more accurate results than two unequal-length sections. In fact, the results obtained using two unequal-length sections are very bad, as shown in Table 5 (c) where some relative errors are about 5%. This quite peculiar phenomenon is "rst reported here in the DQ solution, and needs more study. The FDM and the present DQ technique solve di!erent equations in a strong form. It is well known that the FDM usually produces a worse accuracy with unequal length grids than with equal grids, while the authors think that a similar phenomenon may exist in the present DQ technique.
When the concentrated mass ratio M/ A¸is gradually reduced to zero, the obtained frequency should equal that calculated without mass. In actual calculation, only a very small number can be employed. The mass ratio M/ A¸should be larger than 10\. If it is less than this number, unreasonable results are obtained.
It is interesting to note that the frequencies of the "rst and second modes for multispan F}F beams in Table 2 are identical (1)53894) when the span number is larger than 11. For multispan F}P, F}C, and F}S beams, their "rst frequencies are all 1)53894 when the span number exceeds a certain number. The beam should adopt two di!erent modes for the "rst and second modes. The two di!erent modes for the "rst and second modes of multispan F}F beams should be exactly the "rst mode of multispan F}P, F}C, or F}S beams. Therefore, the frequencies of the "rst and second modes are identical (1)53894) for F}F multispan beams when the span number is larger than 11.
It is also noted that the frequencies for even modes given in Table 5 (a) do not change with the change of M/ A¸. The reason is that the displacement at x"¸/2 is always zero for even modes. The mid-point equals a simply supported point. Therefore, the mid-point mass has no e!ects, and the corresponding frequencies do not change with the change of M/ A¸.
CONCLUSION
Five examples for the free vibration of Euler beams have been applied using the domain decomposition and the GDQR. Since compatibility conditions should be implemented in VIBRATION ANALYSIS OF BEAMS a strong form at the junction of the subdomains concerned, compatibility conditions and their di!erential quadrature expressions were explicitly formulated. A peculiar phenomenon was found in the di!erential quadrature applications that equal-length subdomains give more accurate results than unequal-length ones using the same number of subdomain grids. The study in this work is necessary for a correct and thorough understanding of the DQ techniques. Various examples were presented and very accurate results have been obtained.
